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An examination is made of heat tramfer in a hydraulically stabilized 
laminar stream and in a two-layer dynamic flow model. 

1. L a m i n a r  Flow. In inves t iga t ion  of the  hea t  t r a n s -  
f e r  p r o c e s s  in the  l a m i n a r ,  a x i s y m m e t r i e ,  h y d r a u l i -  
c a l l y  s t ab i l i z ed  flow of an i n c o m p r e s s i b l e  f luid,  a l low-  
ing for  ax ia l  hea t  conduction,  conducted under  the  
a s s u m p t i o n  tha t  the  t h e r m o p h y s i c a l  p r o p e r t i e s  of the  
f lowing m e d i u m  a r e  cons tant ,  we a r r i v e  a t  the  fo l low-  
ing d i f f e r e n t i a l  equat ion in p a r t i a l  d e r i v a t i v e s  in c y -  
l i n d r i c a l  coo rd ina t e s :  

( O~t 1 at o2t ~ at 

Since a p a r a b o l i c  d i s t r i b u t i o n  of v e l o c i t y  ove r  the  tube 
sec t ion  is  c h a r a c t e r i s t i c  [1] fo r  l a m i n a r  flow 

w~ = 2w [1 - -  (r/ro)2], (2) 

Eq. (1) t akes  the  fol lowing form:  

~ 0~ -~ .  -5-; .(3) 

F o r  convenience  of subsequent  ca lcu la t ion ,  we sha l l  
w r i t e  (3) in the f o r m  

02T 1 OT 02T = Pe (1 - -  R ~) OT 
OR ~ + R OR ~- OZ' - - - ~ - ,  (4) 

(where  T = t w - t is  the t e m p e r a t u r e  d i f f e r enc e  b e -  
tween  the wal l  and the fluid) and we sha l l  s eek  p a r t i -  
c u l a r  so lu t ions  of (4) in the  fo rm of the p roduc t  
y(R) exp ( - #  2Z), with the fol lowing bounda ry  condi t ions  
of the f i r s t  kind: 

T (1, z) = 0, (5) 

T (R, 0) = to (R ~) (6) 

(we sha l l  examine  the s e m i - i n f i n i t e  tube,  0 -< Z < 
< oO). 

We shal l  a l so  suppose  that  the function t0(R 2) admi t s  
of r e p r e s e n t a t i o n  in the fo rm of a power  s e r i e s  

to (R ~) = ~ t~~ (o) R~k. 
~=0 k! 

Thus ,  we a r r i v e  at  the  fol lowing p r o b l e m  of f inding 
the e igenva lues  /1 and the e igenfunct ions  y: 

dZY + I dy +[[x4+~t2pe( I _ R 2 ) I y = 0  ' 
dR 2 R dR 

y ( i ) = 0 .  17) 

In t roduc ing  t h e  new v a r i a b l e s  ~ = 2nR 2, y = 
= V e x p ( - ~ 2 ) , w h e r e  n z = # Z P e / 4 ,  we obtain the  d e g e n e r -  
ate h y p e r g e o m e t r i c  equat ion [2,3] 

whe re  

d'z~l + ( l - - g )  --aTi = 0 , d~l 
d ~2 dg 

a = (n - -  m)/2n, m = (~4 + ~z Pc)/4. 

The  g e n e r a l  so lu t ion  of th i s  equat ion wi l l  be the  
function 

r I = A F ( a ,  1, [ ) - b B [ F ( a ,  1, ~ ) l n [ +  

co k--1 

+ C,+~-I k! ,=~ a+----v--I + ~  " 

Thus ,  the so lu t ion  of (7) under  the  condi t ion  tha t  i t  
is  f in i te  when R = 0 wi l l  be 

y = AF (a, 1, 2nR 2) exp ( - -  nR2). 

The boundary  condi t ion  with R = 1 g ives  the  equa-  
t ion 

F(a, 1, 2n) = 0 ,  (8) 

for  d e t e r m i n i n g  the e igenva lues .  
Solving (8) g r a ph i c a l l y ,  we obta in  an in f in i te ly  in-  

c r e a s i n g  s e r i e s  of pos i t ive  e igenva lues  

~i = ~i (Pc). 

C o r r e s p o n d i n g  to t h e s e  e igenva lues  t h e r e  a r e  the  
e igenfunct ions  

F (a~, 1, 2niR ~) exp (--  niR2). 

Summing  ove r  the  index i, we obtain the  so lu t ion  
of the p r o b l e m  

T (R, Z) = ~.j CiF (ai, 1, 2a i r  2) exp ( - -  ~ Z) exp ( - -  niR~). (9) 
i=0 

We sha l l  r e p r e s e n t  the funct ions F(a  i,  1 ,2n i  R2) and 
e x p ( - n i R  2) in the fo rm of a s e r i e s  in p o w e r s  of R 2, 
and m u l t i p l y  them.  Then,  f rom bounda ry  condi t ion  (6), 
we obtain a s y s t e m  for  d e t e r m i n i n g  the coe f f i c i en t s  

Ci 

~ C ~  = to (0), 
i=0  
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k 2' r (ai + s) 
c,n~ ~ ( -  i) ~+' r(a,l(s!)'(k-~),. 

i=0 s~O 

_ t~ k) (O)  k = 1, 2, 3, 
k! ' " " "  

(i0) 

Table  1 

Dependence of C i on Pe 

Pe 

I 
4 

25 
100 

Co/to C L / I o  C 2 / I ,  

1.197 --0.287 0.095 
2.268 --0.335 0.044 
1.220 - -0 .230  0.017 
0.596 0.499 --0.094 

We shall  denote the values  of C i that  we find by cO. 
Then the final solution of the p rob lem (4) that  sa t i s f ies  
the boundary  conditions (5) and (6) takes  the fo rm 

T(R, Z) = 
co 

= Z~ii  F (ai, 1, 2niR ~-) exp (-- I*~ Z) exp (-- niR2). (11) 
i=o 

Note. If we a re  given that  the heat  flux is constant ,  
(tq = const ,  at the su r face  of the tube, then, having 
taken any pa r t i cu l a r  solution t r = qwr0/~(4Z/Pe) + 
+ R z - (R~4)]/A of Eq. (4), sa t i s fy ing the condition 
Otr(1, Z) /0R = -qwr0/X,  we m a y  seek a genera l  so lu-  
t ion of (4) in the f o r m  T = t - t r ,  where  the solution 
T m u s t  sa t i s fy  the homogeneous  boundary condition 
of the second kind ST(l,  Z) /~R = 0. 

The solution of this p rob lem is comple te ly  analo-  
gous to that of the f i rs t .  In this  case  the equation to 
de te rmine  the e igenvalues  is somewhat  m o r e  c o m -  
plicated,  being 

2aF(a+ l, 2, 2n)=F(a, 1, 2n). (12) 

2. T w o - L a y e r  Dynamic  Flow Model. In the solution 
of the p rob lem that  has  been formula ted ,  as  in the 
f i r s t  case ,  we shall  a s sume  that  the t he rm ophys i ca l  
p rope r t i e s  of the flowing medium a re  constant ,  and 
that a constant  t e m p e r a t u r e  is ass igned at the sur face  
of our  semi- inf in i te  tube (0 <-- z < ~o). 

We shal l  divide the whole s t r e a m  into two l aye r s :  
a t h e r m a l  l amina r  sublayer  in which the veloci ty  v a r -  
ies accord ing  to a parabol ic  law, and a t he rm a l  l aye r  
in which the veloci ty  is constant.  This  model  is quite 
c o r r e c t  for  fluids with P r  << 1, e . g . ,  fo r  the liquid 
meta l  heat  t r a n s f e r  agents.  We m a y  r ep re sen t  the 
ma themat i ca l  desc r ip t ion  of the p r o c e s s  as  

O"T 1 OT O"T Pc 01" (13) 
0-g + o z---v = T  

f o r 0  <- R -  R1, and for  R t ~ R<- 1--Eq. (4) with 
boundary condit ions (5) and (6), and the condit ions 
of continuity of t e m p e r a t u r e s  and thei r  der iva t ives  
at the in ter face  of the l aye r s  

l ' ( R t - -  0. Z) = T ( R j + t ) ,  Z). 

OT(R~--(k ZI dT'(R~ + 0 .  Z) 
= (14) 

OR OR 

We shall  seek pa r t i cu l a r  solutions of the p rob lem 
in the f o r m  of a product  y(R) exp(-#ZZ). Then to de -  
t e r m i n e  the e igenvalues  and the eigenfunctions we ob- 
tain the o rd ina ry  different ia l  equations 

dR zdzy i 1 dY dR, Pe ) + ~ '+~ -~  v=o, (15) 

f o r 0  ~ R-< R t and Eq. (7) for  R I-~ R<- 1, at the r e -  
spect ive boundary conditions. 

Equation (15) is the Besse l  equation [2, 3], and its 
genera l  solution will be 

y =  AIo( R V ~ P  + ~ 2 ) + B Y o ( R  V ~ t a +  P-~t2) �9 

F r o m  the condition that  the solution is finite when 
R = 0, it follows that  B = 0, and thus we obtain 

y = A I o ( R V ~ d +  P~-~t2 ) , 0-~R~s (16) 

The solution of (7), as  has  been shown above, will 
be  the function 

= {CF (a, 1, 2nR 2) + D I F  (a, 1, 2nR 2) In 2nR ~ + Y 

+ G+k-~ k!  a z - v  I 7-i-v 
k = l  - -  ~ 

F r o m  the boundary  condition when R = 1, it follows 
that  C = DS, where  

[ - )]/ S = - -  In2n ~- C~+k-, 2knk~ ' ( 1 2 
-k-F-. ~ o  \ a g- ~, 1 + v 

k = !  = 

F(o, 1, 2n). 

Table  2 

Dependence of Nul on p e  

Pe p-c, (Pe) Nu I 

1 
4 

25 
100 

1.421 
0.916 
0.612 
0.564 

4,121 
3,822 
3,668 
3,661 

T h e r e f o r e ,  

y = DL(R, Ix, Pe) exp(--nR2), Rt .-/..R <~ 1, (17) 

where  

L(R, p, P e ) = S F ( a ,  1, 2nR~) + F (a, 1, 2nR2) ln 2nR"- -k 
o~ k - - I  

+ Ca+k-I ~ 
k=l k! a + v  i + ., 

Subjecting solutions (16) and (17) to conditions (14), 
we obtain the homogeneous  sys t em 

AIo(R, 1 , , / ~  + - ~  ~") - -  (18) 
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[ V~ \ 
DL (RI, I ~, P c ) e x p /  tL ) 

�9 2 R1 = O, 

.,o (../..+ 
dR 

"[ ( )] .', --D--~-~ L(R, ,  ~, Pe)exp ~ 1/Pe.R 1 2  = 0 . ( e o n t ' d )  

F o r  the  s y s t e m  (18) to have a n o n - z e r o  solut ion,  it  
is  n e c e s s a r y  and suf f ic ient  tha t  the  d e t e r m i n a n t  of the 
s y s t e m  be ze ro .  Denot ing th is  by A and equat ing  i t  
to  z e r o ,  we obtain an equat ion to d e t e r m i n e  the e igen -  
va lue s  ~. F r o m  the equat ion A = 0 i t  m a y  be seen  
d i r e c t l y  tha t  the e igenva lues  ~ a r e  funct ions  of R~ and 
Pe ,  i . e . ,  # i  = P i (R1,Pe) ,  i = 0 , 1 , 2  . . . .  

Subst i tu t ing  the va lue s  # i  into (16) and (17), and 
s umming  ove r  the  index i, we obtain the  fo l lowing 
so lu t ion  of the o r i g i n a l  p r o b l e m :  

i = 0  

i = 0  

T (R, Z) = 

Aflo (Rli) exp (--  ~ Z), 0 < R ~ R1, 

(19) 

DiL (R, ~q, Pe) exp (-- ~ Z) exp ( - -  niR2), Ra ~. R ~ l , 

w h e r e  

/ Pe 2k 
1~ = V I~ + -~-- I~i . 

To d e t e r m i n e  the coef f i c ien t s  A i and D i we m a y  
use  the condi t ion  at  the  in le t  when Z = 0. Thus ,  fo r  
example ,  fo r  0 -< R -< Ra, expanding I0(R/i) in the  
power  s e r i e s  

' ~  (--  I) k (R~p l~ k 
Io (Rl,) 

k=o 22k(k!)2 

and subs t i tu t ing  i ts  expans ion  into condi t ion  (6), we 
obtain,  by equat ing coef f i c ien t s  of i den t i ca l  p o w e r s  
R 2k, a s y s t e m  of l i n e a r  equat ions  to d e t e r m i n e  the A i 

~ A i l ~  k = (-- 1)k22k (k !) t(0k) (0), k = 0 ,  1, 2 . . . .  (20) 
i = 0  

In a s i m i l a r  way, if  we r e p r e s e n t  the  function 
L(R, ~i ,  Pe) in the fo rm of a power  s e r i e s  in R 2, which 
m a y  be done by use  of the  we l l -known expans ion  for  
the  d e g e n e r a t e  h y p e r g e o m e t r i c  function,  and find the 
p roduc t  of the s e r i e s  for  the  funct ions  L(R, Pi ,  Pc) and 
exp ( -niR2) ,  we m a y  obta in  a s y s t e m  for  d e t e r m i n i n g  
the coef f i c ien t s  D i. 

Subs t i tu t ing  the va lues  found fo r  the coef f i c ien t s  A i 
and D i into (19), we obta in  the  f inal  so lu t ion  of our  
p r o b l e m .  

Note. We m a y  a l so  so lve  the  p r o b l e m  when t h e r e  is  
a bounda ry  condi t ion of the second kind at the tube s u r -  
face  

OT(1,Z) = O, 
OR 

if  T = t - t r ,  w h e r e  t r is  a p a r t i c u l a r  solut ion,  s i m i -  
l a r  to tha t  examined  in the  f i r s t  case .  

As  an e xa mple  we Shall examine  the hea t  g iven out 
by a fluid f lowing in a tube with a ve loc i t y  c o r r e s p o n d -  
ing to l a m i n a r  flow (the f i r s t  case )  with P r  << 1. We 
sha l l  suppose  tha t  a t  the in le t  to the  tube the cons tan t  
t e m p e r a t u r e  t0(R 2) = t o is  a s s igned .  Then  the s y s t e m  
(10) i s  s i m p l i f i e d  somewhat  

r 

Z C; = to, 
i ~ 0  

k-i 2~F(a*+s)  = 0 ,  k = l ,  2, 3 . . . .  ~C,n~ ~.~(-- l )  s+l r(a,)(s!)~(k_s)! 
i = 0  s : 0  

Calcu la t ions  show (Table  1) tha t  with Pe  = 1, 4, 25, 
and 100 the coef f i c ien t s  C i d imin i sh  r a p i d l y  enough in 
abso lu t e  value .  

In addi t ion,  at l a r g e  va lues  of the longi tud ina l  c o -  
o rd ina t e  (the a s y m p t o t i c  solut ion) ,  only the  f i r s t  t e r m  
i s  r e t a i n e d  in the  solut ion.  It is  t h e r e f o r e  suf f ic ient  to 
f ind only the  f i r s t  e igenvalue .  

We sha l l  ca l cu la t e  the  l im i t i ng  va lue  of Nusse l t  
numbe r ,  Nu/, a c c o r d i n g  to [4], f r om the f o r m u l a  

2 0T (1, Z) = f (Pe), Nu~ = ? ~ - -  

w h e r e  T is  the m e a n  t e m p e r a t u r e ,  with r e g a r d  to  
en tha lpy  of the  f luid at  the given sec t ion .  

It m a y  be seen  f r o m  Tab le  2 tha t  NUl d e c r e a s e s  with 
i n c r e a s e  of Pc.  When Pe  ~ ~ we obta in  the  N u s s e l t  
so lu t ion  [5]. 

NOTATION: 

r 0 is  the  ins ide  r a d i u s  of the  tube; w is  the  mean  
flow r a t e  ve loci ty ;  ~ is  the  t h e r m a l  conduct ivi ty;  c 
is  the  spec i f i c  heat;  T is  the spec i f i c  weight; R - r / r  0 
i s  the  d i m e n s i o n l e s s  c u r r e n t  rad ius ;  Z = z / z  0 is  the  
d i m e n s i o n l e s s  length; Pe  is  the  P e c l e t  number ;  F(a ,  
b, $) is  the d e g e n e r a t e  h y p e r g e o m e t r i c  funct ion;  R1 = 
= r,/rQ i s  the  d i m e n s i o n l e s s  r a d i u s  of the  ins ide  layer ;  
r0 - r l  is  the t h i c k n e s s  of the  l a m i n a r  s u b - l a y e r ;  P r  
is  the P r a n d t l  number ;  F(a) is  the g a m m a  function; 
I0(z) i s  a c y l i n d r i c a l  funct ion of the f i r s t  kind and z e r o  
o rde r ;  Y0(z) is  the c y l i n d r i c a l  function of the second  
kind and z e r o  o r d e r .  
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